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ABSTRACT

We establish several approximate max-integral-flow / min-
multicut theorems. While in general this ratio can be very
large, we prove strong approximation ratios in the case where
the min-multicut is a constant fraction e of the total ca-
pacity of the graph. This setting is motivated by several
combinatorial and algorithmic applications. Prior to this
work, a general max-integral-flow / min-multicut bound was
known only for the special case where the graph is a tree.
We prove that, for arbitrary graphs, the max-integral-flow
/ min-multicut ratio is O(¢~*log k), where k is the number
of commodites; for graphs excluding a fixed subgraph as a
minor (for instance, planar graphs), O(1/¢); and, for dense
graphs, O(1/+/€). Our proofs are constructive in the sense
that we give efficient algorithms which compute either an
integral flow achieving the claimed approximation ratios, or
a witness that the precondition is violated.

Categories and Subject Descriptors

F.2.2 [Analysis of Algorithms and Problem Complex-
ity]: Nonnumerical Algorithms and Problems—Computa-
tions on discrete structures; G.1.6 [Numerical Analysis]:
Optimization— Linear programming; G.2.2 [Discrete Math-
ematics|: Graph Theory—Path and circuit problems

General Terms
Algorithms, Theory

1. INTRODUCTION

A classic theorem of Ford and Fulkerson asserts that the
maximum flow between two vertices in a graph equals the
weight of a minimum cut separating the two vertices [6].
This flow/cut duality further has a beautiful integrality prop-
erty: If the capacities of the edges of G are integers, then
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there exists an integral flow achieving the weight of the min-
imum cut. Integrality is often a necessary or desirable prop-
erty in applications. In this work, we consider corresponding
integrality results in the setting of multicommodity flows.

Unfortunately, the analogous equality does not generally
hold in the multicommodity setting. However, in a body of
work initiated by Leighton and Rao ([17, 19, 7, 13, 1, 18§]
and others), a number of approzimate max-flow / min-cut
relations have been established. All of these results differ in
a fundamental way from the Ford-Fulkerson theorem in that
they are based on dual rounding procedures. This approach
loses the guarantee of primal integrality and, indeed, the
integrality gap for multicommodity flows can be Q(k), where
k is the number of commodities [8].

In this work, we establish several approximate maximum-
integral-flow /minimum-multicut theorems. While in general
this ratio can be very large, we prove strong approximation
ratios in the case where the min-multicut is a constant frac-
tion € of the total capacity of the graph. This setting is
motivated by several combinatorial and algorithmic appli-
cations. Prior to this work, a general max-integral-flow /
min-multicut bound was known only for the special case
where the graph is a tree [8]. We prove that, for arbi-
trary graphs, the max-integral-flow / min-multicut ratio is
O(e !logk); for graphs excluding a fixed subgraph as a mi-
nor (for instance, planar graphs), O(1/e€); and, for dense
graphs, O(1/4/€). Our proofs are constructive in the sense
that we give efficient algorithms which compute either an
integral flow achieving the claimed approximation ratios, or
a witness that the precondition is violated.

Our main results are summarized in the following theo-
rem.

THEOREM 1. Let G(V, E) be a graph with capacity func-
tionc: E — Z7, and K be a demand graph on a k-element
subset of V' such that the weight of any multicut separat-
ing all pairs of vertices (k1,k2) € K is at least eC, where
C=>.cpcle). Then

(i) For any G, the maz-integral-flow/min-multicut ratio
is O(e ‘logk). If k* is the vertex cover number of K,
the ratio is improved to O(e™* log k™).
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(i) If ¢ € {0,1}F and G is 5-dense for some § > 0, then
the ratio is improved to O(1/+/€d).



The proof of Theorem 1, as in previous work in this area,
depends on efficient low-radius decompositions in a graph
metric. The traditional approach is to decompose G using
the metric induced by a minimum solution to the dual of
the maximum flow problem; the approximation ratio follows
by the strong duality theorem. The fundamental difference
in this work is that G is decomposed according to the un-
weighted distance metric on GG, and this is used to construct
a large primal solution; the ratio follows by the promised
lower bound on the minimum multicut. Two of the de-
compositions we use are standard in the multicommodity
flow literature, while the third is a “new” one. Although we
reuse existing decomposition lemmas, our analysis works for
fundamentally different reasons than in the dual rounding
procedures for which these decompositions were originally
designed. The details are discussed in Section 2.

The approximate maximum integral flow algorithm works
roughly as follows: For a given family of graphs (general,
planar, dense, etc.), we define a “greed” function g(t) which
is an increasing function of time ¢. At time ¢, the algorithm
greedily increases the primal value by pushing a unit of flow
along a path of length at most g(¢). If this can repeated
for sufficiently many iterations then we are done. Other-
wise, the algorithm constructs a witness multicut by com-
bining both primal and dual information. If one assumes
that the min-multicut precondition is satisfied, then this al-
gorithm can be viewed as a pure greedy algorithm which
always pushes a unit of flow along the shortest available
path between any terminal pair. The details are presented
in Section 3.

Greedy algorithms have been investigated in the context
of the closely related edge-disjoint paths (EDP) problem.
Kleinberg [14] studied an on-line variant of the greedy al-
gorithm with g(¢) = L fixed, and showed that this con-
structs a set of edge-disjoint paths of size within a factor
O(max(diam(G), m'/?)) of the optimum, where m is the
number of edges. Kolliopoulos and Stein [15] proved that the
pure greedy algorithm achieves an approximation ratio of
O(dop), where dj is the average length of paths in any optimal
solution. Chekuri and Khanna [4] subsequently proved an
approximation ratio of O(n2/3) with respect to the number n
of vertices. More recently, Varadarajan and Venkataraman
[20] proved a ratio of O(n?/3log?? n) applicable to the more
general case of directed graphs. Theorem 1 shows that the
greedy algorithm achieves much stronger (logarithmic- or
constant-factor) approximation ratios to the maximum EDP
and related maximum integral flow problems, subject to ap-
propriate conditions on the problem instance. These and
other algorithmic and combinatorial applications of Theo-
rem 1 are described in Section 4.

1.1 Definitions and notation

Throughout, G(V, E) denotes a simple, undirected graph,
c¢: E — Z% denotes a Z"-valued capacity function on the
edges of GG, and K denotes a simple, undirected, unweighted
graph defined on a vertex-subset of V. A K-path in G is a
simple path in G between ki, ko where (k1,k2) € E(K), a
K-cut is an edge-subset F' C E such that G \ F has no K-
path, and a K -partition is a disjoint system of vertex-subsets
(S1,...,St) such that each k € K is in some S;.

By the characteristic vector of a simple path P, we mean
the vector in Z¥ which is 1 on edges e € P and 0 otherwise.
A set {p1,...,p+} of characteristic vectors of K-paths along

with positive weights w1, ..., w; is called a K-flow with re-
spect to a capacity function ¢ when v = ) . w;p; is such
that v(e) < c¢(e) for all edges e. The weight of a K-flow is
the sum > w; of all path weights. By a maximum flow, we
mean a K-flow with maximum weight among all K-flows. A
flow is integral when all path weights w; are integer-valued.
A maximum integral flow is a flow with maximum weight
among all integral K-flows.

Often, we identify ¢ with the graph formed by including
edges for which ¢ is non-zero. When G(V, E) is understood,
we write (S1,S52) to denote the subset of edges with one
endpoint in S; and the other in S5, where S; C V. For F C
E, we define c¢(F) = > .pc(e), and for W C V,c(W) =
c((W,W)). Throughout,

C =c(B).
If S CV, we write V(S) = (S5,V\ S) and
V(S1,...,S) = JV(Sh).

For a capacity function ¢, V.(S) denotes the capacity func-
tion which equals ¢ on V(S) N {e : ¢(e) > 0} and is zero
elsewhere. By the norm ||c|| of ¢ we mean ||c||1 = )", c(e).

We use d(v1,v2) to denote the length of a shortest path
between vertices v1 and vz in G,

B(v,p) ={w eV | d(v,w) < p}

to denote the closed ball of radius p around v and
B®(v,p) = {w € V | d(v,w) = p}

to denote its boundary. The diameter

diam(S) = vi,ni;aés d(vs, vy)
and the radius p(S) = idiam(S). The radius of a K-
partition (Si,...,S) is just the maximum over ¢ of p(S;).

2. THREE GRAPH DECOMPOSITIONS

We discuss three low-radius graph decomposition algo-
rithms. The first is generic but gives the weakest bounds;
the latter two apply only to specialized cases, but give much
stronger results. The first two have been used previously
to establish max-flow / min-multicut approximation ratios,
while the third one is “new”.

For all p > 0 and families G of Z*-valued edge-functions
on graphs, define

ceg,.c>0 C \ (sy,...,5,)eP?
KCV,|K|<k (1o 5P

for(p) = max 1 ( min c(V(Sl,...,St))>

where P%, denotes the set of all K-partitionings of V of
radius p. For brevity, we will omit the parameter k. Note
that, for any G, fg(p) is monotonically decreasing in p since,
for p > p, a radius p decomposition is also a radius p’
decomposition. Each of the following decompositions gives
an algorithmic upper bound on fg(p) for particular values

of G.
2.1 General graphs

We begin with the most generic decomposition algorithm,
which is applicable to arbitrary graphs. The essential idea
behind this decomposition was introduced by Leighton and



Rao in their original work [17]. The version which follows is
the special case of a subsequent refinement by Garg, Vazi-
rani, and Yannakakis [7] in which the dual variables are fixed
to (1,...,1).

“Garg-Vazirani-Yannakakis” Decomposition: Let
a > 0 be a parameter, to be selected later. While there ex-
ists any terminal vertex v in G repeat the following: Set v «—
an arbitrary vertex in K NG, t « 0; while ¢(V(B(v,t))) +
€ > ac(B(v,t)), set t «— t+ 1; output B(v,t) and set
G «— G\ B(v,t). The set of output subsets gives a K-

partition of V.

LEMMA 2. Let S, ..., St denote the K -partition produced
by the Garg-Vazirani- Yannakakis algorithm with parameter
«a. Then

o) < BEFXD i (S, 8) < 2aC.
PROOF. Apply Lemmas 4.1 and 4.2 from [7] in the special

case where d = (1,...,1). [

COROLLARY 3. Let G* denote the set of all ZT -valued ca-
pacity functions. Then

for(p) < 2In(k + 1).
- p

2.2 Graphs excludingxk.. .

We now consider the special case of graphs excluding a
fixed minor. This includes, for instance, the family of pla-
nar graphs. An ingenuous decomposition algorithm for this
setting was designed by Klein, Plotkin, and Rao [13]. The
version below is a variant in which, as before, we fix the in-
put dual variables to (1,...,1). We also scan along possible
cut points to assure the cut weight on each iteration is at
most a fixed fraction of the total capacity.

“Klein-Plotkin-Rao” Decomposition: Let o > 0 be
a parameter, to be selected later, and let » be such that
K, does not occur as a minor of G. While G is non-empty,
repeat the following: Set v < an arbitrary vertex in G and
t «— a value from {0,...,a — 1} to be selected later; for
i=1,...,nlet G;, = quRi B°(v,q) where R; is the ith
set in the sequence [0,t),[t,t + &), [t + o, t + 2a),. .., and
recurse on GG; to a maximum depth r. For each level of the
recursion, select a value ¢ such that the weight of the edges
cut at that level is < C'/a (such a value must exist because
the cuts induced by each possible selection of ¢ partition F
into « classes). Interpret the set of regions at the bottom of
the recursion as a vertex-partition of G, disregarding empty
regions.

LEMMA 4. Suppose that G does not contain K, as a mi-
nor and let Si1,...,S: denote the vertex-partition produced
by the Klein-Plotkin-Rao algorithm. Then

p(S:)) < 2ra and ¢ (V(S1,...,5)) < gC.

PrROOF. In [13], it is proved that p(S;) < 2r’a. By the
“scanning” selection of t, we introduce a cut of weight at
most C'/a at each level of the recursion. Since the recursion

has depth at most r, the resulting cut must have weight at
most ~C. L[]

COROLLARY 5. Let G™" denote the set of 7t -valued ca-
pacity functions on graphs excluding K, . Then

2r3
forr(p) < —.
(p) 5

2.3 Dense graphs

For a fixed constant 0 < § < 1, an unweighted graph
is called d-dense if |E| > 6n®. In other words, a graph is
“dense” when a constant fraction of all possible edges are
included in the graph. We achieve our tightest bounds when
the capacity function c is 0-1-valued and G is d-dense.

We use a technique due to Komlés which was originally
introduced to prove tight bounds on the size of a minimum
edge-set intersecting all odd cycles in a graph (see Section
4.2 below). We observe that this method is applicable in
the much more general context of multicommodity flows.
We also provide a new and simpler proof of Komlés’ result.

“Komlés” Decomposition: Let o > 0 be a parame-
ter, to be selected later. While G is non-empty, repeat the
following: Set v «— an arbitrary vertex in G, t « 0; while
|B°(v,t)||B°(v,t + 1)| > a|B(v,00)||B(v,t)| set t «— t + 1;
output B(v,t) and set G «— G \ B(v,t). The set of output
subsets gives a partitioning of V.

LEMMA 6. Let G be a §-dense graph, and let S, ..., St
denote the wvertex-partition produced by the Komlds algo-
rithm. If ¢ € {0,1}F, then

12
p(Si) < 7o and ¢(V(S1,...,5¢:)) < %.
(In [16], Komlds achieves the better constant \/2e in place
of 12, although our constant is not optimized.)

PROOF. For brevity, set b; = |B°(v, )| and B; = |B(v, )],
so that B; = 20<j<i b;. The stopping rule requires that the
sequence {b;} satisfy bibir1 > anB;. Then, for each 4, at
least one of b;, b;+1 must be at least v/anB;. So, consider
alternating entries of {B;}, B} = Baj11. Then the sequence
{B}} satisfies the recurrence

By > an ; B;-_H > B;- + omB;.

We claim that B} > %j? This is verified by observation

for j = 0,1. For larger j, induction shows that

an . an . an 5  an . _ an
B, > — —j2 = —i> =
41 2 g ) fenTgryT = SgnyT g 2 g

when j > 1. Then for odd i,

so for i > 2,

an [(i—2\2 an , .
BiZ?( 5 ) :%(172)2

and (crudely), since i —2 > § for ¢« > 4 and by inspection
fori=0,...,3, for any i,

N 2
san (i) _an
Bi =35 (2) 144"

Y



But B; < n which implies that the maximum possible in-
dex 7 in such a sequence, which is also the maximum possible

i ; ; /144 _ 12
radius in a region, is at most « = o

For the second part of the lemma, notice that the stopping
rule implies that ¢(V(S;)) < «|S;|n. Then

e(V(S1,...,8)) < ZC(V(si))

Za|Si|n < an® < aC/s.

i

IN

a

COROLLARY 7. Let G° denote the set of 8-dense graphs
with capacity functions ¢ € {0,1}F. Then

144
fgs(p) < W

3. INTEGRAL FLOW / MULTICUT
APPROXIMATION RATIOS

In this section, we apply the low-radius decompositions
of Section 2 to prove our approximate max-integral-flow /
min-multicut theorems. In fact, we show that there exist
efficient algorithms which, given a lower bound on the weight
of a min-multicut, either construct an integral flow achieving
the claimed approximation ratio, or output a proof that the
promise is violated in the form of a multicut with weight
less than the asserted lower bound.

3.1 Proof of Theorem 1

Suppose we have an efficiently computable upper bound
fé(p) > fg(p) on f (from this point, we omit the subscript
G). Without loss of generality, we may assume f* is mono-
tonically decreasing in p. For all € > 0, define

gle) = min 2p
where g(e€) is defined as oo if no such p exists. Note that
g(e) is also monotonically decreasing in € and that g can be
efficiently constructed using O(n) invocations of f*.

Theorem 1 is proved using the approximate integral flow
algorithm illustrated on the facing page.

We claim that if the weight of a minimum K-cut of G is
€C, then the algorithm produces a flow of weight F'* on input
€. Assuming this for a moment, it is immediate that the
max-integral-flow / min-multicut ratio is bounded by eC/F”*
and so, to complete the proof of Theorem 1, we need only
compute estimates of ™" given the functions fg«, fGr.r, fgs
from Section 2. The following lemma states appropriate
estimates. The computations are omitted from this abstract.

LEMMA 8. Let Fg(e) denote the value of F* computed
using function f§ for input density . Then

2

(i) F5-(€) > wmmnC

.. 2
(i) Fgrr(€) 2 152C
3/251/2

(iii) Fgs(e) > 22 C

The asserted approximation ratios follow immediately from
Lemma 8. We now prove the claim. Because the inner loop

of the algorithm is an augmenting path process, the algo-
rithm clearly produces an integral flow of weight ¢*, where
t™ is the last value of ¢ reached in the main loop. Therefore,
it is enough to show that, when the algorithm rejects, the
algorithm outputs a K-cut of weight less than eC.

We begin by showing that W is a K-cut; that is, W inter-
sects every K-path. There are two cases. First, we observe
that every K-path in ¢~ intersects m. By the loop con-
dition, there is no K-path in ¢;~ of length at most g(ex).
Let (Si,...,5¢t) be any K-partitioning of V' with ¢:-radius
< %g(et*). If p is a K-path in ¢:+ which does not intersect
Ve« (S1,...,85) then the entire path must lie in the same
partition S;. But

diamct* (Sz) < 2Pct* (Sz) < g(‘ft*).

Contradiction. Further, each edge e € m is also in W since
m(e) = ¢+ (e) implies that

-+ vre)(e) = [eer + wie](e) = (o).

Second, we consider a K-path p such that p intersects an
edge e € ¢ but & ¢;=. Then

e(e) = cr- (€) + vee (€) = ves (o),

so e € W and p intersects W.
We next need to bound ¢(W). Clearly,

c(W) < [lml + fJoe |-

When t* < F*, e+ > 0 and, since ||p;|| < g(e;) for all ¢,

A > lpill < Y 9le) =(e—e)C.

By definition of f* and g, the K-cut V,, (S1,...,S¢) giving
m exists (and, as in our case when the bounds on f* are
algorithmic, can be efficiently computed) and has

L1
ol = (VS 5) < £ (aen)) e
< (S HCt* H S Et*C.

Summing these, ¢(W) < (€ — e+ )C + xC = eC.

To prove the claim concerning vertex covers in case (i),
note that, as observed by Giinliik [11] for the case of the
fractional max-flow / min-multicut approximation ratio, it
is sufficient to seed the partition selection step in the Garg-
Vazirani-Yannakakis algorithm using a vertex cover K™ of
K rather than the entire vertex set of K. The proof of
the flow/cut approximation bound carries through in this
case as well, since a K*-partitioning is sufficient to intersect
every sufficiently long shortest path between vertex-pairs in
K. Thus, if k* is the size of a minimum vertex cover of
K, the approximation ratio is improved to O(¢™* log k*). In
an extreme case, for instance a star graph, k = O(n) while
setting K™ to the center vertex of the star gives k* = 1.

It still remains to remove the assumption that we give
the algorithm as input the weight eC' of a min-multicut of
G. Since g(e;) is an increasing function in ¢, we can remove
the computation of the sequence {¢; } altogether and replace
the augmentation loop with a pure greedy algorithm; that
is, while there exists a path between any two vertex-pairs
of K in ¢, push one unit of flow along the shortest such
path. This variant clearly produces at least as large a flow
as the original algorithm on any input €, in particular the



Approximate Max-Integral-Flow:

set eg «— €,u90 — (0,...,0),¢
for t=0,...,00
if ¢, <0 set F* «— t and break
set €41 «— € — g(er)/C

for t=0,...,0

0 C

set viy1 < Ut + P, Cey1 — C
else break
ift>F~
output v; and accept
else
set m — V., (51,...,51) s.t. pct(
output W ={e € E | [vy +m](e)

if 3 k; € Be,(ki, g(e)) for some (ki  kj) € K
set p, < characteristic vector of any path of length < g(e;) from k; — k;
—pe

) and ¢ (V(S1, ...
) > 0} and reject

)S ,51)) < &C
=c(e

\_/M\»—‘

g(et
ye(e

true value of e. However, this version, as with the origi-
nal, runs in time only weakly polynomial in the input size.
This is easily corrected by modifying the greedy algorithm
to push mineep c:(e) units of flow along the path p selected
on each iteration. Then clearly there can be at most |E|
augmentation steps.

4. SOME APPLICATIONS

In this section, we observe that the proof of Theorem 1
yields efficient approximation algorithms for maximum inte-
gral and fractional multicommodity flow and related prob-
lems. We also observe some natural but less obvious combi-
natorial applications.

4.1 Approximation algorithms for flow and
edge-disjoint path problems

In traditional applications of multicommodity max-flow
/ min-cut inequalities, the maximum flow problem is ef-
ficiently computable (via polynomial-time linear program-
ming algorithms) while the corresponding cut problem is
NP-hard. However, in the integral case, both the flow [8]
and cut [5] problems are NP-hard. In the case where the
min-multicut has weight at least eC', the approximate max-
imum integral flow algorithm used to prove Theorem 1 and
the weak duality relations give the following.

COROLLARY 9. Let G be a graph with ZT -valued capacity
function ¢, and K be a demand graph on a k-element subset
of V' such that the weight of any multicut separating all pairs
of vertices (k1,k2) € K is at least C. Then

(i) There is a polynomial-time algorithm which constructs
an integral flow within a factor O(e ' logk) of the op-
timum. If k* is the vertex cover number of K, the ratio
is improved to O(e™ ' log k*).

(i) If G excludes K, for some constant r, the ratio is
improved to O(1/¢).

(iii) If ¢ € {0,1}F and G is §-dense, the ratio is improved

to O(1/V/ed).

A natural variation on the above is to apply scaling meth-
ods to recast the general (fractional) multicommodity flow
problem as an integral flow problem. That is, fix some large

integer @ and, for a non-negative real-valued capacity func-
tion ¢, let ¢'(e) = |c(e)@]. If v’ is an integral flow in ¢’, then
v’ /Q is a feasible (possibly fractional) flow in c. Further, the
scaling distorts the relative weight € of the minimum cut and
the original capacity function by a factor which goes to 1 as
Q — oo.

Given a fractional capacity function ¢, consider the follow-
ing greedy heuristic for the maximum multicommodity flow
problem: Select a shortest K-path in G and push as much
flow as possible along the path until it is saturated; repeat
until there are no K-paths remaining.

COROLLARY 10. Let G be a graph with a non-negative
real-valued capacity function c, and let €, k* be as above.
Then the greedy heuristic constructs a flow of weight within
a factor O(e tlogk*) of the optimum. If G excludes K, ,
for some constant r, then the factor is improved to O(e™1).

PrROOF. It is easy to see that the greedy heuristic corre-
sponds to the pure greedy variant of the approximate max-
integral-flow algorithm above when @ is an arbitrarily large
integer. [

Note that we cannot apply scaling techniques to the family
of §-dense graphs. Unconditional versions of these approxi-
mation ratios were already known [7, 11, 13], but it is inter-
esting that the greedy heuristic constructs a flow achieving
these ratios when the min-multicut has constant density.

Integral flows are closely related to edge-disjoint paths in
unweighted graphs. The problem of connecting a maximum
number of endpoints in K along edge-disjoint paths was one
of the original NP-hard problems [12]. The following conse-
quence of Theorem 1 will be used later.

COROLLARY 11. Let G be an unweighted graph with m
edges and maximum degree A such that at least em edges
must be removed to separate all vertex-pairs in K. Then

(i) Q (Alogk ) vertez-pairs in K can be connected along

mutually edge-disjoint paths, and these paths can be
computed in polynomial time.
(i3) If G excludes K, for some constant r, then the same

18 true for Q (%m) pairs.

(i) If G is -dense, then the same is true for Q (mm)
pairs.



Proor. Edge-disjoint paths in an unweighted graph are
equivalent to the special case of integral flow where edge
capacities are 0-1-valued. If G has maximum degree A, then
at most A routed paths between a pair (k1, k2) in a K-flow
can correspond to a single terminal pair. [

4.2 Intersecting odd cycles

Let G be an unweighted graph, and let og(G) denote the
odd girth of G, that is, the length of the shortest odd cycle
in G. In [3], Bollobds, Erdés, Simonovits, and Szemerédi
considered the problem of determining the minimum cardi-
nality of an edge-subset F' C E such that F' intersects every
odd cycle in G. They showed that |F| = O (n”/og(G)) and
conjectured that |[F| = © (n”/og*(G)). This conjecture was
proved by Komlés [16] using the eponymous decomposition
in Section 2.

Odd cycles in a graph have a very natural formulation
in terms of integral multicommodity flows. The relation is
summarized in the following lemma.

LEMMA 12. Let G(V, E) be an unweighted graph, and let
(Vo, V1) be a bipartition of V such that |(Vo, Vo)| + |(Va, V)|
is minimized (that is, a mazimum cut). Let E = Eo U E;
where Eq = (Vo, Vo) U (V1,V1) and Ey = (Vo, V1), and set
K = Ey. Then

(i) Every K-path in G1 = G(V, E1) can be extended by an
edge in Eo into an odd cycle in G.

(i) For all S CV, |Va, (9)/IVk(S)| > 1.
(ii3) Any K-cut of G1 has size at least |E(K)|.

PROOF. Let p be a K-path in G1, say, between (k1, k2) €
FEo. By definition, G is bipartite, so p has even length.

Then p U (k1, k2) is an odd cycle in G. Next, suppose there
exists S C V such that |Vg, (S)| < [Vk(S)|. Then setting

Vi=Vi—(VinS)+(V;n5)

gives |(Vg, Vo) [+|(VY, Vi) = |(Vo, Vo) +|(V1, Vi) [+ Ve, (S)|-
IV (S)] < |(Vo, Vo)| + |(V1, V1)], contradicting the minimal-
ity in the choice of (Vo,V1). Finally, let M be a K-cut of
G1, and let Si,...,S: denote the connected components of
Gi\ M. Then Y, V() = 2|E(K)| < 3, Ve, (5) <
2|M|. O

THEOREM 13. If G € G then |F| < fg(3(0g(G) — 3))m.
In particular,

(i) |F| = O (mlogn/og(G))
(ii) |F| = O (n*/og*(G))
(ii3) If G excludes K, for some constant r, then |F| =
O (m/og(@)).

PRrROOF. By definition of fg, there exists a vertex-partition
(S1,...,8) with [V(S1,...,St)| < fo(3(0g(G) — 3))m such
that p(S9i) < 2(0g(G) —1). It is easy to see that such a
multicut intersects every odd cycle of length at least og(G).

The remaining claims follow by applying the upper bounds
f* proved in Section 2. [

Each of these bounds can also be interpreted as an upper
bound on 0g(G) in terms of |F|. Note that the first bound
is stronger when G is a sparse graph; the second is Komlés’
result; the third is a stronger bound for sparse graphs in the
case of graphs excluding K.

4.3 Property testing

We note an application to property testing, a model of
computation introduced by Goldreich, Goldwasser, and Ron
[9, 10]. In one formulation of this model, an algorithm is
given oracle access to the adjacency list of a graph G with
constant maximum degree. The goal is to determine, using
as small a number of queries as possible and with probabil-
ity bounded away from %, whether the graph has a given
property or is far from having the property in the sense that
at least a constant fraction of the entries of the adjacency
table must be modified to carry G into a graph with the
property. One is generally interested in algorithms which
make a number of queries which is sub-linear in the size of
G (in fact, often independent of the size of G).

Consider the problem of testing whether G is bipartite.
Suppose that we would like an algorithm which, given a
graph which is e-far from bipartite (at least em edges must
be deleted to make it bipartite), locates a witness to the non-
bipartiteness of G (that is, an odd cycle). Such an algorithm
obviously has one-sided error, and the probability of error
is exactly the probability that it fails to find an odd cycle
in a far-from-bipartite graph. The following lemma states
that a graph which is e-far from bipartite is dense in small
witnesses to this fact.

LEMMA 14. Let G be a graph of constant mazximum degree
which is e-far from bipartite. Then G contains Q(e*m/ logn)
edge-disjoint odd cycles of length O(e 2logn). If G excludes
K, for some constant r, then it contains Q(ezm) edge-
disjoint odd cycles of length O(e?).

ProOOF. With notation as earlier, |F'| > em. Apply Corol-
lary 11 to the construction in Lemma 12. That a constant
fraction of these cycles have at most the given length follows
by Markov’s inequality. [

Lemma 14 implies an efficient bipartiteness testing algo-
rithm for graphs excluding K, ,:

THEOREM 15. Let G be a graph with constant mazimum
degree such that G excludes K, for some constant r and
G is e-far from bipartite. Then there exists an algorithm
which locates an odd cycle in G with probability 1 — § using
exp(O(e72))log(1/6) queries; in particular, the algorithm
requires a number of queries which is independent of n.

PRrROOF. In the case of graphs excluding K, ,, Lemma
14 implies that we can locate an odd cycle with constant
probability by sampling O(¢™?) random vertices and doing
a breadth-first search about each vertex to radius O(e™?).
Repeating this O(log(1/4)) times reduces the failure proba-
bility to 1—4. The overall query complexity of this procedure
is exp(O(e2))log(1/6). O

On the other hand, Goldreich and Ron [10] showed that
locating an odd cycle in this model requires ©(y/n) queries in
general! A slightly modified argument shows that a graph
with |F| > en? must contain Q(e3/?n?) edge-disjoint odd
cycles. Alternatively, one can argue directly from Lemma 4
that bipartiteness as well as other properties on bounded-
degree graphs, including 3-colorability (which is not testable
with a sub-linear number of queries [2]), are testable in con-
stant time on graphs excluding a fixed minor.



5. OTHER COMMENTS

With respect to the usual parameter k, the bounds of
Theorem 1 are optimal. For general graphs, this follows from
the lower bound in [7], which is similar to the lower bound
construction used in [17]: G is a A-regular expander graph
on n vertices, all edges have unit capacity, and K is the set
of all vertex-pairs (ki, k2) such that d(k1,k2) > loga(n/2).
It is easy to check that the maximum (fractional) flow is
O(n/logn) while the minimum multicut has weight Q(n) =
Q(m). Fractional flow is a relaxation of integral flow, so
the bound holds in our case as well, even though the min-
multicut has constant density. For the other families we
considered, the assertion is trivial.

It is not clear, however, whether Theorem 1 always cap-
tures correctly the optimal dependence of the max-integral-
flow / min-multicut ratio on e. For planar graphs, the grid
example used in [8] to establish the Q(k) integrality gap
shows that our dependence on € for planar graphs is opti-
mal. More generally, a potential problem in our approach is
illustrated by the following example, which is the construc-
tion of Lemma 12 applied to the lower bound construction
used in [3]. Let G’ be a path on I = O(1/+/f) vertices
v1,...,v; and let G be the “blow-up” of G’ by t = O(v/Bn)
vertices; that is, replace each vertex v; of G’ by ¢ vertices v’
forj =1,...,t, and let G be the graph formed by connecting
all pairs (vj',v;% ) for all i1,i2,5. Set K to the set of pairs
(vil,vl”) for all i1,42. Then G is é-dense, with § = /3, and
it is easy to see that any K-cut has weight Q(1/3C). Apply-
ing Theorem 1 with € = 1/ gives that there exists a flow of
weight O(BC') when, in fact, there exists a flow with weight
equal to the min-multicut — the optimum flow is achieved by
pushing a unit flow along all paths P = {(a1,...,a;)} where
P is a pairwise independent family of vectors on {1,...,t}!
of size t* (this flow strategy was observed by Luca Trevisan).
The problem is that, when we augment along a path, it may
be the case that the path intersects a min-multicut at a sin-
gle edge, while the approximate max-integral-flow algorithm
reduces its lower bound on the weight of the unknown min-
multicut by the length of the path. In this example, the
worst case occurs on every augmentation, leading to a loss
of a factor [ = O(1/4/B). On the other hand, the same ex-
ample shows that our bound on fgs in this case is optimal
within a constant factor.
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